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Entringer and Slater proved that every k-critically h-connected graph with h G 2k + i 
contains a vertex of degree h and conjectured the existenLe of two such vertice, We prove this 
conjecture. 
We use terminology and nor3tion of [ 11. Let G = (V, E) be a graph and A c V. 
The subgraph of G induced by A will bz denoted by G,. The graph G is said to 
be h-connected if for every A c V with IAl< h, G,_, is connected. The connec- 
tivity of G is K(G) = Max{ h 1 G is h-connected}. A subset T of V is called a 
cut-set of G if GV_T is not connected. A cut-set of G with cardinality K(G) is 
said to be a minimum cut-set of G. The sets r(A) - A and V- (A U T(A )) will be 
denoted by N(A) anid A respectively. A subset F of V is called a fragment of G if 
F# fl and IN(F)I = K(G). A fragment of minimal cardinality is called at atom. The 
cardinality of an atom of G will be denoted by a(G). A fragment conta.ining no 
other fragment as a proper subset is called an end. An end of cardinality not 
exceeding a(G) + 1 is called a hyper-a tom. 
We observe lthat a graph has a fragment if and only if it is not complete. A 
fundamental property of fragments is the following. 
(Mader [4]). Let G be a graph, T be a miCnum cut-set of G md A he 
(resp. t‘yper-dtom) of 5. If A n T then A c T and (AIshIC) 0~. 
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graph. Some properties of k-critically h-connected graphs are proved by Maurer 
and Slae,:r [7] and by Mader [S]. ntringer and Slater proved the following. 
(Entringer and Slater [2]). In any criticalby 3-connected graph there 
are at least two vertices of degree 3. 
Errtringer and ISlater proved in [3] that every k-critically h-connected graph 
with h 6 2k + 1 contains a vertex of degrj:e h. They conjecture the existence of 
two such vertices. This conjecture is proved in this paper. We use in our proof the 
fundamental property of atoms proved by Mader [4]. 
Let G = (V, E) be a graph and A be a wbset of V contained in a 
minimum tit-set T of G. Then any fragment of G,_, is a fragment of G and 
T- A is a minimum cut-set of G,,+. 
@ Let T be a minimum cut-set of G containing A. We see easily that T-A 
is a cut-set ol G’ ,= G,_,. Therefore 
K(G’)~[‘!‘[-~A~= K(G)-IAl. 
ut K(G’)~K(@)-IA), since the connectivity decreases 3;t most ‘by 1 after 
deleting one vertex. Therefore we have K(G’) = K(G) - j Al. Let F be a fragment 
of G’. We have ckarly ~~i~~ c ~~?~~ tf A. Hence IN&F)] < K(G’) + IAl = K(G). 
obviously FG 2 F? It follows that FG # fir (observe that P” f 8 means that ~(~ 
is a cut-set of G). Therefore I&-#$~ K(G). Hence .F’ is a fragment of G. 
Let G be a critically h-connected graph and H be a hyper-atom of G. 
Take any vertex of H, and let T be a minimum cut-set of G containing this 
vertex. By Theorem A N c T. Therefore Lemma 2.1 can be applied to H. This 
remark will be used without reference. 
Let p, k, h be three natural numbb~~“: such that p< k< h. Let 
e a k-critically h-connected graph and (A L : 1 :G i =S p> be a sequence of 
~st~~ct hyper-atoms of G and M - G,_,, A,. Then is critically (h - xi 1 A$ 
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A c T. Hence T-A is a cut-set of G,_, = hi. The argument used in the proof of 
Lemma 2.1 shows that K(H) - h - IAI. Hence T-A is a minimum cut-set of N 
containing z. Therefore is critically (h - IA I)-connected. 
A similar proof shows that is (k - p)-critically (h - Ci I Ai I)-connected. 
Let G = (V, E) be a noncomplete connected graph and {Ai: 1~ i s p} be a 
sequence of subsets of V. We say that {A;: 1 s i s p} is an cltomic sequence of G if 
Aj is an atom of Gv_“,<, A,, 1 s j s p. 
3. Let G = (V, E) be a k-critically h-connected graph. Then G has an 
atomic sequc nce of length k + 1. 
. This is true for k = 1, suppose it true for k - 1 (k 2 2). Let A, be an atom 
of G. Let T1 be a minimum cut-set of G containing a vertex of A, (observe that 
G is critically h-connected). By Theorem A, A 1 c Tl. It follows that K( GV_,+) = 
h-lA1l ( o b serve that T1 - A1 is a cut-set of this graph. Let S’ c V- A, be such 
that I #“I s k - 1 and x1 E Al. There is a minimum cut-set T of G containing 
S’U {x,}. By Theorem A, A1 c T. We can easily see that T - A, is a minimum 
cut-set of Gv+,. Therefore GV+, is (k - 1)-critically (h - (A, I)-connected. 
The proof is now obvious by induction. 
Consider an atomic sequence (Ai: 1 s i S p} of G. Using Lemma 2.1 and 
Theorem A, we prove easily that Aj is a fragment of Gv_u,C,_, A,. Hence 
IAll s iA21 s l l l s lApI. 
Let G = (V, E) be a k-critically h-connected graph and {Ai: 1 G id k} 
be an atomic sequence of G. Then we have 2 IAkls h-&<k IAil* 
Let 6’ be a k-critically h-connected graph and A’ be an atom of G’. 
smg’the remark of Lemma 2.2, we see that G;$_,. is (k - I)-critically (li - IAl)- 
connected, where V’ is the set of vertices of G’. Using this relati and induction, 
we have that Gv-U,,kAi is critically (h -zi<k I Ail)-connected. nce there is a 
minimum cut-set of this graph containing a vertex of Ak. heorem A, we have 
2 IAkI d h -Cic:k IAil* 
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for i 3 2. Using Lemma 2.4, we have 
it follows that IAll y 1, ]Ai] =2 for z - 5-2 and h=2k+l. Thus A, consists of a 
vertex a, with degree h. By our hypothesis V - A, contains no vertex whose: 
degree in G is h. Hence A, is an end of 6, otherwise Ai would contain a vertex 
of degree h, 2 6 is k. Thus Ai is a hyper-atom of G, i 2 2. By Lemma 2.2, 
G ‘v-Utaz A, is a criticelly 3-connected graph. By Theorem B, this graph contains a 
vertex y # a, wrth degree 3. We see easily that 
which is a contradict:on. 
This contradiction proves the theorem. 
This result was conjectured by Entringer and Slater [3]. 
Mader mentioned in [6] the conjecture of Entringer and Slater proved in this 
paper in connection with the following. 
re (Mader [6]). Every k-critically h-connected graph with k >$h contains 
a vertex of degree h. 
Mader’s conjecture, as proved in [6], implies the nonexistence of noncomplete 
k-critically h-connected graphs for k > $h, conjectured by Slater [7]. It is easy to 
eez that Mader’s conjecture would, if true, imply that the number of vertices of 
degree h in a k-critically h-connected graph is an unbounded function of h. We 
note that Theorem 2.4 is best possible for h = 3 (cf. [3]). 
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